
 

The group of diffeomorphisms of
SE 2 eGI hi I denoted by DiffCS is infinite

dimensional Lie group Corresponding
Lie algebra

A ffzlddzlflzledlz.IT
where Elz E'T is a algebra of Laurent
polynomials Lie bracket
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z

Basis generators
2 d ne Z

dz
with restriction to S given by

Ln i ein 0 z e
0

Commutation relation Lm Lu Cin u Lm n

Ln generates infinitesimal transformations
of Cillo given by 4 121 z tzu

Lo L L extend to clip

Lo L Li Lo L L i LL L 2L

generate skid



Proposition 2

HRA E E The cohomology H Ai

has a basis represented by the 2 cocycle

x i wffddzigddzl fzkest.io f gdz
Proofi
Let a be a 2 cocycle of A Put xp g L LpLa

2 cocycle condition forClo Lp Lgsimilar to
proof ofProply y is invariant under rotation

also xp g 0 if ptg to

set xp xp p 2 cycle condition

pt 2g Aq Gpt 9 Aq Cp 9I xp.iq
exercise

xp t p up

we can get up from
dp Lp p Lp L p 2pA Lo

by setting a EACH
up is coboundary and does not change
H4A E Set a ta m Is a



Recalli
Let M be a smooth manifold and let

L be a complex line bundle over M

Fix connection 0 on L Then

D d 2T Film locally on UCM

day defines a global 2 form
for open covering Ur ae l of M

first Chern form of 0 c O

G O defines a class in H2 M IR in

the image of HTM Z first Chem class
of L
Now
Suppose M is simply connected

and

fix a base point x EM

Let y 0,13 M be a smooth loop with

Ho f l Xo

Then y L complex line bundle

on 0,1 with connection 2 0

horizontal section s y D s o

Fa u in fibre of flat 0 select section
s s t Sco u

We have dic DCM with 3D y
14 simply connected



Stokes theorem gives
CA sci u exp 2tF qc0

Denote by Lx the fibre of Lower Xo
CH gives linear transformation of Lx
denoted holonomy of 0 around V

Preposition
Let M be a simply connected smooth

manifold and w a closed 2 form on 14

with we Imi where

c HTM H MiR
Then 3 complex line bundle L over M
and connection 0 ar L s t

G O w



Proofj
Denote by B M the set of smooth paths

p o I M with pco xo

equivalence relation on Palm xE

mu r Giv iff
pci g l and E u exp 2e Ft w

independent

Fettes

Define L Px.CM xE and proj map

IT L M by a pin p i

connection O of L has holonomy
exp 2iF w around loops j

c CO w

D

Example
consider Me LGe and we H LG c 2

Take 6 5412 and g slack
Define for X E 5412 l form m X DX

Maurer Cartan form of Lie group SUCH



Then T Tv usurer is

generator of tP SUCH 2 yet of L Gxs G

be given by 4cg Z Define
w 10 5

It can be shown that H LG 2 EZ

with generator w Associated complex
line bundle L is called fundamental
line bundle over LG

2 Representations of affine Lie algebras
Let g be a complex Lie algebra and

a complex vector space
Definition
We call a linear map pig End v

s t
pox 3 p ply MY pCx

t X Y e g a linear representation of gab
we will also simply write Xo fap o

Focus on g sede of It

Lie algebra H E3 2E LH F3 2 FEE Fft
H H L E F LH E O CH F

Denote by In orthonormal basis with



respect to Then the Casimir element
C in Ucg is given by C In In

universal enveloping alg
or C f H't E Ft F E angular momentum

operator

Definition highest weight representation

is highest weight rep if
a I OE U non Zero s t Ho _70

and EV o

b V is generated by Fb n oil

If tho u 0,1 are linearly independent
is called Verma module Ma

For a e d generic Ma is irreducible

g module But for A 2J je Z Ma
becomes reducible and we have sub rep

Va spanned by
Um m j j l y j ti j

H Um 2mUm
E Um jewett j m U t

F um Cjmtu
In particular Fat uj o We have

Vr Mr IFA11g spin j rep



C acts as scalau on Va s t

C Uj 2J jet

Next Representations of affine Lie algebras
Denote by

At CECH the subalgebra auth

A sb alg ant

Define
Nt g At ICE

No EH Kc
N g A 3 EF

ng Nt No N

Definition
Lef k and n be complex numbers A left

F module Va is highest weight rep

with level k and highest weight a if
a F V E Tha non zero with

14 0 0 CU Ko Hora v

b UCH generated by u coincides

with Vram
Ca cu Ku f Ut VK a


